Abstract: We re-examine the semiclassical approximation for quantum gravity in the canonical formulation, focusing on the definition of a quasiclassical state for the gravitational field. It is shown that a state with classical correlations must be a superposition of states of the form e iS . In terms of a reduced phase space formalism, this type of state can be expressed as a coherent superposition of eigenstates of operators that commute with the constraints and so correspond to constants of the motion. Contact is made with the usual semiclassical approximation by showing that a superposition of this kind can be approximated by a WKB state with an appropriately localised prefactor. A qualitative analysis is given of the effects of geometry fluctuations, and the possibility of a breakdown of the semiclassical approximation due to interference between neighbouring classical trajectories is discussed. It is shown that a breakdown in the semiclassical approximation can be a coordinate dependent phenomenon, as has been argued to be the case close to a black hole horizon.
Introduction
Although we have few clues about the final form of a quantum theory of gravity, there is at least one constraint that we can be sure of: That the theory should, in some limit, describe quantum matter fields interacting with an essentially classical background spacetime in what is known as the semiclassical limit of quantum gravity. In some formulations of quantum gravity, such as perturbation theory around a fixed background, the semiclassical limit is guaranteed. However, at a more fundamental level we expect the notion of spacetime to be a derived concept. In any theory reflecting this feature, it is interesting to understand how the notion of a classical background emerges.
Some considerable work towards understanding the semiclassical limit has been done in the canonical approach to quantum gravity using the ADM formulation [1] . In this approach there is no background spacetime, since the dynamical variables are the 3-metrics of spacelike hypersurfaces, plus the matter fields on these hypersurfaces. Employing the Dirac procedure, physical states must be annihilated by the momentum and Hamiltonian constraints. The momentum constraints reduce the configuration space to the space of all 3-geometries (the equivalence classes of 3-metrics under spatial diffeomorphisms). The Hamiltonian constraint is imposed by the Wheeler-DeWitt equation
which has the effect of factoring out translations in the time direction, and is a direct analogue of the Klein-Gordon equation for the quantized relativistic particle. The semiclassical limit is obtained by expanding the Wheeler-DeWitt equation in powers of the gravitational coupling constant G. This really involves two separate approximations: A WKB approximation (effectively inh) in the gravitational (or more generally classical) sector, and a Born-Oppenheimer approximation separating the gravity and matter (classical and quantum) parts. At each order, one performs first the gravitational WKB approximation, and then solves the remaining equation for the matter state. In this way the complete solution of the Wheeler-DeWitt equation is split into a product of a purely gravitational piece representing the classical geometry and a mixed piece representing quantum field theory on that background (for simplicity we shall assume that the gravitational field is the only classical variable).
To first order, the expansion of the Wheeler-DeWitt equation yields the first WKB approximation
to the gravitational Wheeler-DeWitt equation, where S HJ [h ij ] is a Hamilton-Jacobi functional for general relativity. We shall refer to a state of this form, without a prefactor, as a first order WKB state. This first order approximation depends only on the gravitational degrees of freedom.
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Each plane represents a different classical solution S[h]
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Figure 1: A congruence of classical solutions in superspace. Each classical solution is shown as a plane in the diagram, which contains the different trajectories in superspace corresponding to that solution, given by different choices of the lapse and shift functions.
Any functional S HJ [h ij ] that solves the Hamilton-Jacobi equation defines a congruence of classical trajectories in superspace, made up of all possible foliations of all solutions of Einstein's equations defined by S HJ (see Fig. 1 ).
As was shown by Lapchinski and Rubakov, and later by Banks [2, 3] The semiclassical approximation to second order should yield a state that represents a quantum matter field propagating on a quasiclassical background spacetime. The results we have described are not quite the whole story, since they do not in themselves provide a complete description of such a quantum state. A careful treatment of the gravitational degrees of freedom is needed in order to restrict the semiclassical approximation to the propagation of quantum matter fields on a single background.
A semiclassical state with a gravitational WKB part that defines a congruence of classical trajectories on superspace is not suitable for describing classical behaviour.
In Ref. [4] , an approximate form of the Wigner function was used to argue that a generic first order gravitational WKB state has classical correlations between coordinates and momenta. However, it was later pointed out in a simple example that the exact Wigner function of a general WKB state does not exhibit such correlations [5, 6] , unless a particular form of the WKB prefactor is chosen, corresponding to a coherent superposition of first order WKB states. These results are analogous to the simple statement in quantum mechanics that a plane wave does not exhibit classical correlations, but that plane wave states may be superposed to construct a coherent state.
An Outline
We shall argue in this paper that in quantum gravity, a quasiclassical state 1 should be a 'coherent state' in an appropriately defined sense: The uncertainty of a complete set of spacetime diffeomorphism invariant operators (constants of the motion) should be small (a similar proposal was made some years ago Komar [7] ). We shall show that this condition, although somewhat formal, can be realised in a concrete way. Since the classical counterparts of the diffeomorphism invariants together specify a unique classical solution, this point of view reinforces the notion that a classical state in quantum gravity gives rise to only an approximate background spacetime. We shall go on to argue that a coherent state can and must be used as the gravitational state providing a background for the semiclassical approximation. The approximate nature of the background described by such a state will be shown to determine some limits of the semiclassical approximation.
The Hamilton-Jacobi formalism can be used to define a natural complete set of diffeomorphism invariant operators. Through the Hamilton-Jacobi formalism, we shall show that a first order WKB state approximates an eigenstate with respect to half of these operators (the α's of Hamilton-Jacobi theory). Given this simple observation it follows that a coherent or quasiclassical state is approximated by a coherent superposition of first order WKB states. The rewriting of our quasiclassical states in quantum gravity as coherent superpositions of first order WKB states makes direct contact with the work of Gerlach [8] . He observed that a superposition of WKB states can be arranged to have support only in a narrow 'tube' in superspace around 3-geometries comprising a solution of Einstein's equations. This observation relates the metric-dependent and coordinate invariant notions of what constitutes a quasiclassical state. Gerlach's interpretation seems to have fallen out of favour in recent years, but we hope to revive it in this paper.
The fact that a coherent state can be written in the WKB approximation using the metric representation is important for a second reason. It allows us to use the coherent state in the standard semiclassical approximation as described above. An important consequence of the connection between first order WKB states and α eigenstates is that the expectation value of conjugate operators (the β operators of Hamilton-Jacobi theory) in such a state is maximally uncertain. Thus a first order WKB state cannot be expected to have a Wigner function with strong correlations between coordinates and momenta, and so is not appropriate for describing a background spacetime. However, a coherent state can be used as a background for the semiclassical approximation. It exhibits quasiclassical correlations and its WKB approximation is precisely a second order WKB state of the form
with an appropriately chosen prefactor
is given by rewriting the coherent superposition of first order WKB states as a second order WKB state. Using the language of Vilenkin [9] , the WKB prefactor can be regarded as providing a measure on the space of all classical solutions compatible with S HJ [h ij ]. A coherent superposition is simply a WKB state with this measure concentrated around a minimally narrow band of classical solutions which effectively represent a single classical spacetime (the width of such a band is determined by the condition that the prefactor be of second order in the WKB approximation, and thus not vary too rapidly) 2 . After establishing the validity of the semiclassical approximation using a coherent quasiclassical state, we shall go on to discuss in the last part of the paper the situations that can lead to a breakdown of this approximation scheme. Normally, the breakdown of the semiclassical approximation is thought to be governed by the behaviour of matter fields on a fixed classical background, with large quantum fluctuations in the matter fields leading to a loss of classical behaviour. Even in more careful studies of corrections to the semiclassical approximation [13] , the emphasis has been on corrections to the equation describing evolution along individual eikonal trajectories (the functional Schrödinger equation), rather than on interference between neighbouring trajectories.
The notion that a state in quantum gravity can at best describe a small neighbourhood of classical backgrounds indicates a simple limitation of the semiclassical approximation. Recall that the fact that macroscopically different eikonal trajectories in superspace (corresponding to different classical solutions) can lead to different matter evolution, underlies the notion of decoherence between different classical histories.
2 One word of warning should be added: The description of a quasiclassical state as a second order WKB state gives special prominence to a particular solution S HJ of the Hamilton-Jacobi equations, and so hides a natural symmetry present in a coherent superposition. It appears according to this description that S HJ restricts us to a congruence of spacetimes fixed by specifying half of the gauge invariant degrees of freedom, and that the prefactor then restricts the support of the wavefunctional to a small subset of these. The diffeomorphism invariant description of the state is somewhat more symmetric, and the wavefunctional is better thought of as having support on a tube in superspace. There are many classical solutions that run within this tube, but all have constants-of-the-motion within a narrow spread. No particular solution (or set of solutions) is preferred as a background for the semiclassical approximation, but the narrow width of the tube means that in most circumstances semiclassical physics is not sensitive to the particular choice of background. This is commonly believed to provide a promising explanation of the emergence of our classical world. However, because any quasiclassical state describing the gravitational background has a finite spread, the mechanism responsible for decoherence can actually spoil classical behaviour [14] : If neighbouring geometries contained within the spread of a quasiclassical state lead to substantially different matter evolution, then the notion of quantum field theory on a fixed background breaks down. We shall discuss this aspect of the semiclassical approximation in the last section of this paper. It is of particular interest since it has recently been shown that problems of this kind spoil the semiclassical approximation close to a black hole horizon [15, 16, 17] .
It is appropriate at this point to mention two caveats to our work. First of all, we shall not discuss the mechanisms by which one may arrive at the quasiclassical states described in this paper. Our emphasis is simply on describing states that could reasonably be called classical and should therefore arise naturally from initial conditions, decoherence or some similar mechanism explaining the emergence of classical configurations. For this reason, we shall also not discuss the possibility of superpositions or ensembles of quasiclassical states. We refer the reader to the extensive literature on quantum cosmology for an open ended discussion of some of these issues. Secondly, the approach we take compares and relates quantisation in the metric representation to that using the constants of the motion as the fundamental observables. One would hope that at some fundamental level these descriptions are equivalent. However, it should be pointed out that this equivalence is not yet understood. For example, It has been noted recently [10] that there can be more than one way of defining the Hilbert space in quantum gravity. More precisely, even though one knows the algebra of operators of a theory, the choice of what states are physical and what states are unphysical can be made in more than one way, thus giving inequivalent quantum theories. The resulting quantum theories are also likely to depend on the classical variables used as a starting point for quantisation. Nevertheless, a valuable tool in resolving ambiguities of this kind is to study the semiclassical limit of quantum gravity, since this gives definite information about the physical spectrum of the desired theory of quantum gravity. Although it is known that there are difficulties in operator ordering the Wheeler-DeWitt operator that block the construction of wavefunctionals [11, 12] , any reasonable quantisation in a metric (or connection) representation should be equivalent to quantisation in terms of constants of the motion, at least in the semiclassical limit.
A simple example
Before beginning a discussion of WKB states in quantum gravity, it is useful to run through the definition of a quasiclassical state for the simple case of the relativistic particle. For the sake of extreme simplicity, we shall work with a massless particle in 1+1 dimensional flat spacetime. The unconstrained phase space for the particle consists of the spacetime coordinates x µ and their conjugate momenta. Time translations are generated by the constraint p 2 = 0 so that physical states in the coordinate representation satisfy the Klein-Gordon equation
In this simple case, we know that the space of physical states is just the set of all functions ψ
. However, let us try to find solutions in the WKB approximation. We write
The first term in an expansion in powers ofh yields the Hamilton-Jacobi equation
is a first order WKB state. A solution of the Hamilton-Jacobi equation is given by any function of the form S 0 = P µ x µ = P x ± , with P µ = (P, ±P ) where P and the choice of sign enter as simple constants of integration (we are ignoring an additive constant). S 0 then defines the congruence of trajectories with momentum P µ , since the Hamilton-Jacobi function assigns a momentum
at each spacetime point. For any value of P , P µ = (P, P ) defines the congruence of left moving trajectories with momentum P and P µ = (P, −P ) the right-moving trajectories. By specifying a second constant
a particular trajectory is selected from the congruence (essentially by specifying the value of x at t = 0). Thus specifying a value for P and X completely specifies a classical solution. We may invert the relations (7) and (8) to obtain X and P as functions of x µ and p µ . X(x µ , p µ ) and P (x µ , p µ ) are then constants of the motion. They thus have weakly vanishing Poisson brackets with the constraint p 2 = 0 3 . They are also conjugate operators with quantum commutators {X, P } = 1.
The second order WKB state is obtained by solving the Klein-Gordon equation to orderh. From this it follows that
which should be regarded as being proportional to the Hamiltonian constraint for the left-moving sector. Similar reasoning applies to the right-moving sector.
so that ∂ ∓ S 1 = 0. The imaginary part of S 1 becomes the WKB prefactor so that the second order WKB state is of the form
where D(x µ ) = e −iS 1 (x µ ) , ignoring any lower order correction to S 0 . In order to get a state that is localised in both momentum and position, we simply construct the relativistic analogue of a coherent state in terms of the constants of the motion X(x µ , p µ ) and P (x µ , p µ ). These constants of the motion are precisely the functions of x µ and p µ that define classical behaviour. In order to define a coherent state, we must first introduce some scales into the problem. We can study a system with a given characteristic momentum and characteristic spacetime resolution whose product is much larger thanh. We can then define a Gaussian superposition of first order WKB states of the form
where the last term is a phase that fixes X to be localised aroundX, and ω indicates that the uncertainties in position and momentum need not be equal. There is only constructive interference between the oscillating functions when (8) is satisfied. Performing the integral in (10) gives
This is exactly of the second order WKB form (9), with S 1 giving a prefactor that is a function of the combination X = x 0 ± x 1 (i.e. gives a measure on the congruence of trajectories with fixed P ), and is in this sense localised around solutions with X =X as expected.
The Wigner function for the quasiclassical state (11) can be easily computed, and is equal to
which is exactly of the form one expects for a left (right) moving classical particle, localised in momentum and in x + (x − ). We could instead have worked directly in terms of eigenstates of the operators X and P . For a massless particle, the first order WKB states are exact eigenstates of the operator P . A coherent superposition of such states is clearly localised in both P and X and in this sense is quasiclassical. It is easy to check (and follows from the superposition principle) that a state of this kind has support only on x µ within a narrow tube around the trajectory defined by the mean values of P and X.
We are now ready to begin a rudimentary discussion of quasiclassical states in quantum gravity. In section 2, we shall review the standard semiclassical approximation in quantum gravity, obtained by expanding the Wheeler-DeWitt equation in powers of the Planck mass, and show how the WKB approximation for the quantum gravitational degrees of freedom, and the functional Schrödinger equation for the matter degrees of freedom arise. In section 3, we shall discuss the application of the Hamilton-Jacobi formalism to the gravitational field. Much of this discussion is somewhat formal (at least in the context of an infinite number of degrees of freedom), but it is useful for understanding first order WKB states and their relation to gauge invariant quantization on the space of all classical solutions. An appendix contains some details of how the Hamilton-Jacobi formalism leads to the definition of gauge invariant operators in a 1+1 dimensional cosmological model. In section 4, we run through the three equivalent definitions of a quasiclassical state for the gravitational field -as a coherent state in terms of constants of the motion, as a superposition of first order WKB states, and as a second order WKB state with a localised prefactor -making use of some of the ideas discussed in section 3. It follows directly from the last definition that the usual semiclassical approximation applies for this gravitational state and yields the functional Schrödinger equation, but now effectively on a single background spacetime. Section 5 contains a discussion of corrections to the semiclassical approximation arising from an excessive sensitivity of the matter evolution to very small changes in the background spacetime.
The semiclassical approximation
Expanding the Wheeler-DeWitt and momentum constraint equations order by order in the gravitational coupling constant G leads to what is now well known as the semiclassical approximation of quantum gravity. In this section, we shall give a brief review of some of the large amount of work on this subject (see [2, 3, 4, 9, 13, 18, 19] and references therein).
We shall ignore the details of the momentum constraint in the following discussion, and assume that spatial diffeomorphism invariance is imposed at all orders. We shall assume a compact spatial topology, although this discussion can be generalized to open spacetimes with well-defined asymptotics (see for example the Appendix).
The Wheeler-DeWitt equation reads
taking c = 1. Consider expanding the state Ψ as
where each S i is assumed to be of the same order. Eq. (13) can then be expanded perturbatively in G. The zeroth order equation (order 1/G 2 ) simply states that
is independent of the matter degrees of freedom. At the first nontrivial order (order 1/G), we find that S 0 [h] must be a solution of the general relativistic Hamilton-Jacobi equation [8, 20] 
There is a large freedom in specifying solutions of the Hamilton-Jacobi equation (15), since it is necessary to specify a set of integration constants. This is familiar from Hamilton-Jacobi theory, as we shall see in the next section.
At the next order, we obtain an equation for
is the second order WKB approximation to the purely gravitational Wheeler-DeWitt equation. The equation for the WKB prefactor
The remaining condition on χ[f, h],
is an evolution equation for the functional χ[f, h] on the whole of superspace (the space of all 3-geometries), and as such, its solution requires initial data for χ[f, h] on a surface in superspace that is crossed once by each classical trajectory defined by S 0 [h ij ]. Let us now recall how Eq. (18) is closely related to the functional Schrödinger equation. Having specified the initial data, it can be solved by the method of characteristics along the eikonal tracks on superspace defined by S 0 . These tracks are the integral curves of the Hamilton-Jacobi momenta, and are defined as solving the equations
These are the set of solutions of Einstein's equations defined by the Hamilton-Jacobi functional S 0 [h]. The solution of Eq. (19) requires a choice of integration constants and a choice of lapse and shift functions N(x, τ ) and N i (x, τ ). The integration constants specify different classical solutions while the lapse and shift are just choices of coordinates on each of these spacetimes. Along each eikonal, Eq. (18) becomes the functional Schrödinger equation
where τ is the time parameter corresponding to the chosen foliation.
As an aside, we remark that there are two potential integrability conditions to worry about when solving Eq. (18) using the method of characteristics. Firstly, Eq. (19) can be integrated using different lapse and shift functions, corresponding to using different coordinates on the background spacetime. We expect (20) 
It is possible to extend this approximate solution to the Wheeler-DeWitt equation beyond second order. At that point the semiclassical picture of field theory on a fixed background is lost. In principle, though, the approximation scheme can be continued, separating the higher order WKB approximations in the gravitational sector and corrections to the evolution equation in the matter sector [13] . A general understanding of these corrections is useful in determining the validity of the second order approximation.
Although it might seem that obtaining the functional Schrödinger equation is all there is to the semiclassical approximation, there is still the question of whether the construction described above really describes quantum field theory on a single spacetime. Since each eikonal trajectory defined by S 0 [h] is exactly classical, it does not make sense to regard a WKB state as describing an ensemble of independent classical solutions. Even if some form of decoherence is invoked, it is impossible for a quantum state to describe an ensemble of strictly classical spacetimes. To complete the semiclassical picture, we must understand the nature of the gravitational background provided by the gravitational WKB state.
Hamilton-Jacobi formalism in quantum gravity
Let us begin by considering the general relativistic Hamilton-Jacobi equation (15) (see Ref. [7] ). In order to specify a solution of (15) , it is necessary to supply a series of constants of integration which are usually called α-parameters in Hamilton-Jacobi theory (see for example Ref. [23] ). Any solution S takes the form S[h ij (x); α I ], where α I represents an infinite number of integration constants (equivalent to two field theory degrees of freedom in 3+1 dimensions [19] ), and so labels different solutions S[h] of the Hamilton-Jacobi equation. Given a Hamilton-Jacobi functional S[h; α I ], the relation
gives the momenta conjugate to h in terms of h and α I . Eqs. (21),
which are precisely the integration constants for (21) , and then solving for h ij . The set of all h ij that satisfy this equation form sheaf of trajectories in superspace defining a solution of Einstein's equations (in the same way that (8) specified a set of coordinates making up a classical trajectory). From either (21) or (22) it follows that a single solution of Einstein's equations requires a choice of values for both the α I and β I parameters. It also follows that given a set of α I parameters (i.e. a Hamilton-Jacobi functional), a 3-geometry h ij fixes a unique value of β I for which the α I , β I spacetime contains h ij . Eqs. (21) and (22) can be turned around to give a set of conjugate functionals α I [h ij , π ij ] and β I [h ij , π ij ] which are constants of the motion -that is they have weakly vanishing Poisson bracket with the Hamiltonian constraint. These definitions provide a canonical transformation between the h ij (x) and π ij (x) and the α I and β I , so that the Hamiltonian vanishes in the new coordinates. We are free to write our theory in terms of these constants of the motion. The α I and β I are coordinates and momenta on the physical phase space 4 (if we assume that we have solved the momentum constraint) and so are the correct variables to use for quantization according to the Dirac procedure. They can be thought of as parameterizing classical solutions of the Einstein equations [24] , in the sense that fixing the values of α I [h ij , π ij ] and β I [h ij , π ij ] yields a classical solution simply by solving the equations
In quantum gravity, classical correlations correspond precisely to the specification of these constants of the motion. Of course it is unreasonable to expect that all of the gravitational degrees of freedom behave classically, but certainly a quantum state representing a classical background spacetime must have a very small spread in those α I and β I that are macroscopically observable. This simple observation can be applied to great effect in understanding the relationship between WKB states and quasiclassical states in quantum gravity.
Quasi-classical states in quantum gravity
The standard Hamilton-Jacobi theory of the last section helps one to understand first order WKB states of the form e iS[h ij ;α I ] . It is clear that a WKB state supplies the values of the α I parameters, since S[h ij ; α I ] defines a family of solutions to Einstein's equations with fixed α I and arbitrary β I (it is of course in this sense that the WKB state contains information about a congruence of spacetimes).
Let us now imagine promoting the Poisson bracket algebra 
Here we assume that some of the α I are large compared tohG, which is equivalent to the assumption that underlies the semiclassical approximation that the characteristic (length) scales of the gravitational field are well above the Planck scale. It is easy to see why (25) . This is nothing more than the standard first order WKB approximation in a different guise. It is more difficult to compute the second order correction or prefactor for an eigenstate ofα I . An eigenstate ofα I must have maximal uncertainty in β I : As a functional of h ij , Ψ 0 [h ij ,ᾱ I ] is damped only where h ij is not found within any classical solution defined byᾱ I and β I for any β I .
The above discussion shows clearly why a first order WKB state endowed with a generic prefactor is not quasiclassical -in general the constants of the motion that define the classical correlations are not well localised. Theα I eigenstates provide an extreme example of this. Another important aspect of the WKB approximation is evident -that it treats the conjugate variables α I and β I asymmetrically, so that the eikonal trajectories that lead to the functional Schrödinger equation in the semiclassical approximation are defined by a single value of the α I but restricted in the β I only by the prefactor. On the other hand, a classical spacetime is defined by a pairᾱ I andβ I of gauge invariant quantities, and any classical correlations imply a knowledge of both the α I 's and β I 's to a good degree of accuracy. It is clear that a quasiclassical quantum state should be close to a coherent state, at least with respect to those operatorsα I andβ I that correspond to macroscopic correlations.
Let us write exact eigenstates ofα I which are also exact physical states as Ψ α I [h ij ]. A general physical state is a superposition of eigenstates ofα I . A quasiclassical state in quantum gravity is a coherent superposition ofα I eigenstates Ψ α I [h ij ]:
where ω(α I ) is a distribution that ensures a close to minimal uncertainty in both sets of observables α I and β I . Thus Ψ[h ij ] in (26) has support only on a restricted region of superspace centered around a classical solution, and is compatible with classical correlations which effectively measure the gauge invariant quantities α I and β I . Let us now consider how to write (26) in its second order WKB approximation. We write a state which approximates a classical spacetime with parametersᾱ I andβ I as
. The phase in ω(α I ) fixes the mean value of the β I . Here we are working with α I and β I normalized so that they have the same dimensions and that [α I , β J ] = ihGδ IJ . We assume that some α I and β I are large compared to √h G so that there is a large dimensionless parameter with respect to which we can perform the expansion. This is related to the physical criterion that fluctuations should be small compared to the characteristic scale of the solution. For example, a cosmology with a maximal size of the order of the Planck scale (see Sec. 6 for an example) should not be considered classical. The choice of ω(α I ) in (27) ensures that α I and β I are localized to within √h G of their mean valuesᾱ I andβ I . In the metric representation we have by (25) that (28) to first order, so that
The integration in (29) can be performed after expanding e iS[h ij ;α I ] in powers of α I −ᾱ I (which is forced to be small by the Gaussian). Keeping the relevant terms contributing to S 0 and D of Sec. 1, the result is
where
To derive this result, we have used the fact that the integration in (29) is over a Gaussian and that all the eigenvalues of δ IJ + iδ 2 S/δα I δα J have positive real part. The first term in (30) is the first order WKB approximation for α I =ᾱ I , the center of the Gaussian, and is the only rapidly oscillating term of order 1/hG. The other term belongs in the next order correction, S 1 -although it may appear to be of the same order as the first term, the width of the Gaussian makes it an order of magnitude lower. This second term damps 3-geometries h ij which are not compatible with β I =β I . Although the α I and β I damping in this representation occur in different ways, the resulting state is damped away from a narrow tube surrounding the mean spacetime given byᾱ I andβ I . This is precisely what one expects for a Gaussian superposition (26) .
The definition of a semiclassical state is not limited to the case where ω(α I ) is an exact Gaussian. A general ω(α I ) in (26) will do equally well provided that it is peaked around someᾱ I and that its Fourier transformω(β I ) is peaked around someβ I so that ∆α I , ∆β I ∼ √h G. Under these conditions one can write (26) to a good approximation as
whereω contributes the damping in β I , and both it and its derivatives belong to S 1 or lower order terms. If any quasiclassical superposition of first order WKB states is approximately of the WKB form (16) once we take the prefactor into account, then it fits into the expansion scheme described in Sec. 2. The matter portion of the WKB state, χ[f, h], is then still given by solving the functional Schrödinger equation along characteristics, but now these are restricted to be in the neighbourhood of theᾱ I ,β I classical solution. The characteristics are only those forᾱ I and for all β I 's within the spread defined by the prefactor, so that the semiclassical approximation still looks asymmetric with respect to α I and β I . However, the difference between evolving χ[f, h] on any of the characteristics generically belongs to lower order corrections because of the narrowness of the tube. In this sense we can think only of solving the functional Schrödinger equation on a mean spacetime defined byᾱ I andβ I . Of course, in a more general sense, a coherent superposition is symmetric in α I and β I , but this is hidden in the asymmetry of the WKB approximation. Really, one should think of solutions for any α I and β I sufficiently close to the mean valuesᾱ I andβ I as being contained within a coherent state, since the state has support on a tube around the mean classical solution. The semiclassical approximation involves the choice of one classical solution from within this tube as the classical background, but there is no canonical choice of background from among all the classical solutions contained within the tube defined by a particular quasiclassical state (see Fig. 2 ).
Beyond the semiclassical approximation
The fact that a quasiclassical wavefunctional for gravity (30) has support on a tube in superspace rather than on a single eikonal track provides some elementary intuition about going beyond the simple picture of quantum field theory on a single background spacetime. As was mentioned at the end of the last section, there is no preferred choice of classical background from among all of those contained within the tube, and so if the semiclassical approximation is to hold, the physics of the matter fields had better be independent of this choice. When one wants to talk about quantum gravity either outside or beyond the semiclassical approximation, one has a fundamental problem: The lack of a background spacetime, and of the notion of matter fields living on that background makes life difficult, since it is unclear what is meant by a unitary theory and how to define an inner product under these circumstances. Our discussion of the semiclassical approximation suggests that some or all of these concepts make sense only to the same order as the semiclassical approximation, but nonetheless form the basis of our current description of nature. The semiclassical approximation using states is in this sense much the same as the sentiments expressed over the years by Wheeler [25] , since the Planck scale uncertainties in α I and β I can be related to fluctuations in the underlying spacetimes which are generically on the Planck scale.
In this section we shall examine what we can learn qualitatively about corrections arising from geometry fluctuations. A careful analysis of corrections to the semiclassical approximation was carried out by Kiefer and Singh [26] by expanding the semiclassical approximation to third order. These authors derived a series of correction terms to the functional Schrödinger equation, consisting of corrections in the integration of matter fields along eikonal tracks and interference effects between eikonal tracks. In Ref. [26] the former were shown to be small, but the corrections due to interference, proportional
projected in a direction transverse to the eikonal trajectories, were neglected. We shall take a geometrical approach to the computation of these interference effects. The basic quantity we wish to estimate is the state of matter on any given hypersurfaceh ij
To the order of the semiclassical approximation (equations (17) and (18)), the evolution of this state is given by takingh ij to be embedded only in the spacetimes labeled bȳ α I and some β I . Then one finds that Ψ h ij [f ] is a solution to the functional Schrödinger equation on a fixed background. A set of corrections to this approximation come from taking into account the contributions from all the possible spacetimes labeled by α I and β I which are not damped in the Gaussian state and which pass throughh ij . A simple way to get qualitative information about these corrections is to consider solving the functional Schrödinger equation on all of these spacetimes 5 and comparing the properties of the solutions. In order to solve the functional Schrödinger equation for the set of spacetimes defined by (30) , it is necessary to give initial data on each of them (that is on a surface in superspace transverse to the tube). Sticking to the philosophy that we wish to construct as classical a state as possible, this initial data should be arranged to make the corrections to the semiclassical approximation as small as possible.
If there are to be only Planck scale corrections to the semiclassical approximation, the difference between Schrödinger evolution of matter states on each of the spacetimes should be small, except at the Planck scale. If this difference were large, the results obtained to the order of the semiclassical approximation would not be consistent. It is clear that one situation in which the semiclassical approximation breaks down unexpectedly is when the evolution of the matter state has sensitive dependence on the α I and β I parameters.
When comparing Schrödinger evolutions on different backgrounds, we need to compare different Ψ[f,h ij ] for the sameh ij . This must be done in a coordinate invariant fashion and without reference to a spacetime. Some discussion of this issue can be found in Ref. [16] . The comparison of states on entire hypersurfaces is fairly straightforward, but this does not provide a local description of the interference effect. A local comparison of matter states can be made by using matter correlation functions in the different spacetimes within the Gaussian spread. Since the basic variables are 3-metrics, an insertion point (i.e. an event) can only be defined geometrically by its position on a 3-geometry (one might for example define a hypersurface by its intrinsic geometry and then fix a point by its value of the intrinsic curvature). A correlation function should thus be defined by a 3-geometry that contains all the insertion points, and by the location within the given 3-geometry of the points. On a single classical background, the same correlation function can be defined using many different choices of a 3-geometry that passes through all the insertion points. However, quantum mechanically all of these choices are different. When we come to compute the correlation function on different spacetimes within the tube, each choice of 3-geometry identifies a different set of alternative classical spacetimes in which the 3-geometry can be embedded, and so gives different results (see Fig. 3(a) ). Forcing an embedding of both surfaces into a second spacetime is possible locally, but in this case the foliation dependence occurs because the location of the insertion points in this second spacetime depends on the choice of surface (see Fig. 3(b) ). It follows that the size of the corrections to the semiclassical approximation obtained by comparing correlation functions depends on how one chooses to foliate the original or mean spacetime. This dependence on foliation is inevitable if we wish to compare local quantities.
However small the dependence on the choice of foliation, for corrections to the functional Schrödinger equation, coordinate invariance is lost 6 . In some dramatic situations where evolution with respect to certain foliations is very sensitive to small differences in α I and β I , this can lead to very different conclusions about the size of quantum gravity effects in different foliations (or frames of reference). This might look puzzling since we started off with the Wheeler-DeWitt equation which is supposed to impose coordinate invariance. Recall, however, that the familiar notion of coordinate invariance comes from the covariance of matter evolution on a fixed background spacetime, which is valid only in the semiclassical approximation. To this order, observations are independent of a choice of foliations of the mean background spacetime. It is this notion which breaks down when one takes into account the geometry fluctuations which are higher order corrections. This is because the meaning of the Wheeler-DeWitt equation is different at this next order, since the notion of diffeomorphism invariance is now a property of the combined matter-gravity system, not just of matter on a fixed background. Generally one might expect interference effects of the kind we have described to always be restricted to the Planck scale in any reasonable models. However, it is important to note that we cannot trust our usual intuition about quantum gravity when quantifying these effects, since they are not defined by the quantities one normally associates with a breakdown in the semiclassical approximation such as large curvature or backreaction. What makes this discussion particularly relevant is that in black hole physics, quantum gravity effects that normally occur at the Planck scale can be magnified to the classical scale by the apparently chaotic behaviour of functional Schrödinger evolution on certain hypersurfaces close to the horizon. In a variety of models, it has been shown that the evolution of matter states on foliations corresponding to outside observers close to a black hole horizon is extremely sensitive to very small fluctuations in the background geometry, so that the projection of (32) transverse to the classical solution is very large (see [16] , and also [17] for a related discussion). Since large corrections are present in this case for only a very specific foliation, this indicates that a breakdown in coordinate invariance accompanies the breakdown in the semiclassical approximation. In an effective description, the results of certain sets of observations near the black hole horizon are not covariant, providing an explanation for the quantum gravitational origin of the spacetime complementarity proposed by 't Hooft [27] and Susskind [28] .
Conclusions
We have shown that the appropriate state to consider as quasiclassical in quantum gravity is a superposition of WKB type states which is peaked around some values of the reduced phase space variables, with close to minimal uncertainty in the reduced phase space variables. A first order WKB state on the other hand is an approximate eigenstate of half of these variables and hence not adequate. When matter is present, this is perfectly compatible with the derivation of the Schrödinger equation from the Wheeler-DeWitt constraint. This makes more precise the meaning of a semiclassical approximation in quantum gravity.
Using a superposition of WKB states, we were able to give a heuristic treatment of higher order effects due to the quantum nature of the background geometry. This allowed us to see that the semiclassical approximation can be inconsistent because of the sensitivity of matter propagation to small fluctuations in the background geometry. An example of this type of situation is given by the breakdown of a semiclassical description of matter propagating on a black hole spacetime [15, 16] . We also showed that as a consequence of quantum fluctuations, coordinate invariance is lost on the Planck scale, and in certain cases, such as near the black hole, this extends to macroscopic scales.
We have not discussed in this paper how it is that a system described by the Wheeler-DeWitt equation comes to find itself in the particular state that exhibits semiclassical behaviour. There is in principle no kinematical reason to prefer this state over any other. Perhaps the most likely answer to this question is that decoherence effectively forces any state to a configuration in which observations are equivalent to those within the Gaussian state. However, the important point is that decoherence cannot drive a state towards any configuration for which the background spacetime is more classical than the one we have described.
for the metric g µν , the canonical variables are ρ(x) and φ(x), with conjugate momenta
while the lapse and shift functions N and N ⊥ are Lagrange multipliers. As usual, the Hamiltonian is just a sum of the Hamiltonian and diffeomorphism constraints
The Hamilton-Jacobi equation reads
This is solved by the functional
where C is a constant,
and
(42) is also invariant under spatial diffeomorphisms.
In the Hamilton-Jacobi functional (42), we see the presence of a parameter C which is the α parameter in this problem. To deduce C as a functional of φ, ρ and their conjugate momenta, we must invert the relations
These lead to the definition
Similarly we can define the quantity β, which we shall call P following [30] , as
It is easy to check that C and P are conjugate and that they have weakly vanishing Poisson brackets with the constraints. From Eq. (42) for the Hamilton-Jacobi functional, we can solve the classical equations of motion, using the relations
and Eqs. (35) and (36). For a constant potential V (φ) = −4λ 2 , and taking σ = 1 and M = 0, there are homogeneous solutions
and φ = C 4λ 2 − e −2λ 2 P t/π
for all values of C and P . Armed with a solution of the Hamilton-Jacobi equation, it is interesting to look briefly at the quantisation of this model. We may promote Π φ and Π ρ to operatorŝ Let us now use this exact solution as a first order WKB solution and continue the WKB expansion (as we did for the relativistic particle where all the first order WKB states e iP x ± /h were exact solutions of the Klein-Gordon equation 
Note that this equation is not solved by S[φ, ρ; C] because of the minus sign. We can however find an exact solution of this equation by remembering that we expect the prefactor −i ln S 1 to be a weight function over different values of P , the conjugate to C. Indeed, if we define the functional
where we have replaced Π ρ in (47) by its classical value given by the Hamilton-Jacobi functional, then an arbitrary function of P solves (55) and the WKB approximation 
If we take D[P [φ, ρ]] to be a Gaussian, then we obtain an explicit expression for the quasiclassical state to this order. Note that for a general D[P [φ, ρ]], (57) is no longer an exact solution of the constraint equation, meaning that at least some of the S i , i ≥ 2 must be non-zero.
A.2. Classical theory: spacetimes with boundary
The case of an open universe has been studied by various authors [31] . It has been shown that the variable C is related to the ADM mass of the spacetime, while P , integrated throughout a spacelike slice, is related to the time at infinity (or more precisely, to the synchronization between times at infinity). These results are in keeping with the much earlier work of Regge and Teitelboim [34] on conserved charges in canonical quantum gravity in open universes. It is interesting to note that while P is associated with a constant of the motion as described in Refs. [31] , a closely related quantity provides a local geometric definition of time for different hypersurfaces within a static spacetime. Consider any 1-geometry associated with a hypersurface in a static classical solution. It can be intrinsically described by the function φ(s), where s is the proper distance along the hypersurface measured from some base point B at infinity, and φ is the value of the dilaton field. Let φ 0 (s) be the function defining a constant time surface t = t 1 passing through B = φ 0 (0). Consider now a set of hypersurfaces passing through B that are defined by φ i (s) which differ from φ 0 (s) only in some finite interval 0 < s < s 0 . For s > s 0 , φ i (s) also define constant time hypersurfaces but at some time t i = t 0 + ∆t i .
Using (46) to give Π ρ in terms of C and φ, we can define a quantity (C + j(φ i ))
closely related to P . Here S > s 0 so that the integration extends well into the region where φ i (s) = φ 0 (s). Now in a static coordinate system
we can compute the change in the time coordinate along any hypersurface using dt dx
Since in the static coordinate system Π ρ = 0, it follows that dt dx
From this expression we deduce that ∆t i = dx By definition ∆t is zero for φ 0 , but is non-zero for any φ i (s) over the region 0 < s < s 0 . The connection between ∆t i and T i (S) emerges by noting that any static solution has e ρ = c 0 dφ ds where c 0 is some constant of proportionality (this can be shown using Eqs. (38) and (46)). From this it follows that ∆t i (S) = T i (S) c 0 .
